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1. Introduction 


The distributions of random variables have attracted alot of interest in recent years. Their 
probability density functions, in a real variable x and in a complex variable z, have played an 
important role in statistics and probability theory. For this reason, the distributions have 
been extensively studied. Many types of distributions have emerged from real life situations such 
as binomial distribution, Poisson distribution, geometric distribution, hypergeometric 
distribution, and negative binomial distribution. 


A random variable x follows a Poisson distribution if its probability density function (PDF) is given 
by: 


em 
f(x) = -p "x = 0,1,2, ... 


(1.1) 


For the parameter of the distribution m. The Poisson distribution started receiving interest in the 
theory of univalent functions, firstly by Porwal [8] and then later by Porwal and Dixit [9] who 
provided moments and moments’ generating functions with the Mittag-Leffler Poisson distribution. 


We denote by A the well-known class of the normalized functions of the form 


f@=zt > Anz", 
n=2 


(1,2) 
Functions that are analytic in the open unit disk U = {z E C: |z| < 1}. 
We also let T be a subclass of A consisting of functions of the form, 
(z)=z- > Ja,|z", z E U. 
n=2 (1.3) 


Now, we recall the definitions of the classes k — ST [A, B] and k — UCV[A, B] that were introduced 
and studied by Noor and Malik [4]. 


A function f € A is said to be in the class k-Janowski starlike functions, denoted by k — 
ST[A,B],k 2 0,—1 < B < A <1, if and only if 
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Further, a function f € A is said to be in the class k-Janowski convex functions k UCV[A, B], k = 
0,-1<B<A <1, if and only if 
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clearly 
f(z) € k —UCV[A, B] © zf'(z) € k — ST[A, B]. 
The above are generalizations of the following special cases: 


(1) k— ST[1,—1] =k— ST and k — UCV[1,—1] = k —UCY, the well-known classes of k 
starlike and k-uniformly convex functions respectively, introduced by Kanas and Wisniowska 
[6,7 and also 1] 


(2) k —ST[1 —2y,-1] =k —SD[k,y] and k —UCV[1 — 2y,-1] = k — KD|k, y], the classes 
introduced by Shams et al. in [10]. 


(3) 0 — ST[A, B] = S*[ A, B] and 0 — UCV | A, B] = C[A, B] the well-known classes of Janowski 
starlike and Janowski convex functions respectively, introduced by Janowski [12] 


(4) 0 — ST[1 — 2y,-1] = S*(y) and 0 — UCV[1 — 2y, —1] = Cy), the well-known classes of 
starlike functions of order y(0 < y < 1) and convex functions of order y(0 < y < 1) respectively, 


(see [3]). 


If f(z) € k —ST[A, B] then 
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takes all values from the domain Qg, k = 0 as 
Akg ={w:Rw > k|w — 1|} 


= 4u + iv: u > ky (u — 1)? + v? 
{ V ) 


The domain Qg represents the right half plane for k = 0; a hyperbola for 0 < k < 1; a parabola for 
k = 1 and an ellipse for k > 1, (see [4]). 


A function f € A is said to be in the class R*(C,D),t € C \ {0}, —1 < D < C < 1, if it satisfies 
the inequality 
f ()-1 
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The class above was introduced by Dixit and Pal [13] providing the following results 


Lemma 1.1. /13] If f € R*(C, D) is of the form (1.2), then 


lanl < (C-D), ne N\ {D 


The result is sharp for the function 


= 1 C d U; N\{1 
r@=f ( oe] t, (ZE Ine \{ }). 


The well-known Mittag-Leffler function FE, (z) studied by Mittag-Leffler [2] and given by 


E = eee C,R 0 
=), fone VS ene) 2): 


Prabhakar [5, 11] has generalized the Mittag — Leffler function as follows 


(Qn z” 


A Tan + By nl Z,P,0 E C; R(a) > 0, 


Ee B (z):= 
n 


here (0), denotes the familiar Pochhammer symbol defined as 


O T@+) (1, ifv=0, 0 € C\{0} 
(@)y = (0) Pe Gat eae os EN,OEC 
(1), =n!, n ENN =N U{0}, N= {1,2,3,...}. 


Since the generalized that Mittag-Leffler function E, g g (Z) does not belong to the family A. Let us 
consider the following normalization of the Mittag-Leffler function 


ES o(z) =F'(B)zE? g(z) 


-24 O OO n 


n! (a(n— 1)+ £) (1.6) 


where z, æ, p E C; p + 0,—1,—2,::- and R(F) > 0, R(a) > 0. 
Our attention in this paper is only to the cases where a, p are real-valued and z E U. 


The probability mass function of the generalized Mittag-Leffler-type Poisson distribution will be 
then given by 


P(x =r) = —— = 0,1,2,3, =, 
r (ak + BYES pm)’ 


where m > 0,a > 0 and f > 0. Using the normalized form of Mittag-Leffler function in (1.6), the 
one can introduce a power series whose coefficients are probabilities of the generalized Mittag- 
Leffler-type Poisson distribution series, as: 


P ees = OMK E 
Hag C):= 2+ va nl F(a(n—1) + B)E2 (m) D+ BYE? (im) ” ,ZEU 


To serve our purpose, we also need to define the series 


T Te (@)nP(B)m"1 P 
la =a Hegt) a 2 n!T(@a(n— 1) + BYES ,(m) ai (1.7) 


Finally, and by the means of the convolution we deduce the following operator: 


z”, zeU, 


Ing F(Z) = Hgg (Z) (One) e 


2. Inclusion Results of I a (z) 


To establish our main results, we shall require the following lemmas. 
Lemma 2.1. [4] A function f of the form (1.2) is in the class k — ST [A,B], if it satisfies the 
condition 

>, BRE + DO- 1) + aE +1) -= (A + Villal < 1B -Al 

n=2 (2.1) 
where -1<5B<A<1andk=0. 
Lemma 2.2. [4] A function f of the form (1.2) is in the class k — UCV[A, B], if it satisfies the 
condition 

>, nk +D- + ME + 1) = (A+ Dillan] < |B = Al 

= (2.2) 
where -1<B<A<1andk =O. 


Unless otherwise mentioned, we shall assume in this paper that a,m >0,k > 0 and —1 < B < 
A<1. 


Theorem 2.3. Let B > 1. Then I’? €k — ST[A,B] if 


(0),T(B) 2k +B +3 
n! E$ g(m) a 
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T toenail 
< |B-Al 
(2.3) 
Proof, In view of Lemma 2.1 and (2.1) it suffices to show that 
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This complete the proof of Theorem 2.3. 


Theorem 2.4. Let B > 2. Then I's € k — UCV[A, B] if 
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< |B — A| 


Proof. We consider the same approach of Theorem 2.3 by the means of Lemma 2.2 and (2.2). Here 
we let 


(@)nT(B)m™* 


n!T(a(n — 1) + £)E? g(m) SESA 


ie > n[2(k + 1)(n —1) + |n(B 4.1) —(A4 DI] 


n=2 


3. Inclusion Results of Joigf 


Theorem 3.1. Let B > 1. If f € R*(C,D), then If f € k — UCV[A, B] if 


(C —D)|t|(9) nT (6) [2k +B +3 1 
n! E$ g(m) a (Fags) r(p- 5) 
2k+B+3 
OEE 


(1-—B)+(B+A+ 2)| (Eag (m) — a] 


< |B-Al 


(1.3) 


Proof. Using Lemma 2.2 and (2.1) it is enough to verify that 


(@)nT(B)m"* 


nT (a(n — 1) + BYES gm) | < |B — A| 


> n[2(k + 1)(n —1) + |n(B +1) -(A4 DI] 
n=2 


Now, since f E€ R*(C, D), in view of Lemma 1.1 the coefficients bound is 


E CHP a eye 


Thus, it is sufficient to show that 


co 


(@)nT(B)m"* 


(C — D) |r| nT (a(n — 1) + B)Eg,g(m) 


[2(k +1)(n—1)+|n(B +1) -(A +1)]] 


n=2 


< |B-Al. 


Which is the same approach of the proof of Theorem 2.3 we conclude that Iag f € k — UCV[A, B] 
if (3.1) holds true. 


4. Inclusion results of the integral operator Gry 


Following the same previous methods, we can readily deduce the next result 


Theorem 4.1. If B > 1, then the integral operator 


7 1g (t) 


Ga Í dt,z € U, 
0 


is in k-UCV[A, B] if the inequality (2.3) is satisfied. 
Proof. By the assumption (1.7) we have 


Gap (z) =Z 2 (nl (a(n = 1) + BYES pm) n` 


Now, using Lemma 2.2 and (2.1), the integral operator Gap (z) belongs to k — UCV[A, B] if 


` n-1 
2 [2(k +1)(n - 1) + [nB + 1) - (A + DI O) (B)m 
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we conclude that e E€ k — UCV[A, B] if (2.3) holds true. 


5. Special cases 


Let A = 1 — 2y, and B = —1 with 0 < y < 1 in the above theorems, we receive the following 
special cases: 


Corollary 5.1. Let B > 1. Then I” € k — SD[k,y] if 


(O) (E) fk+1 1 
n!ESp(m)l a (Etpa -P= D) 


ER e-o +1 (m-ar) 
< 1-y. 


Corollary 5.2. Let B > 2. Then Ig} € k — KD[k,y] if 
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Corollary 5.3. Let B > 1. If f € R™(C,D), then Igy f € k — KD[k,y] if 


ence (Her -F T) 
+[(Pa-+1-y] (e -ra 
< 1-y 


Corollary 5.4. Let B > 1. Then the integral operator given by (4.1) is in the class k KD|k, y] if the 
inequality in Corollary 5.1 holds true. 


6. Conclusion 


The generalized Mittag-Leffler function has been investigated by the means of Poisson distribution. 
A normalized form E? gZ) has been studied in terms of its inclusion in the well know subclasses 
of analytic functions, here we have considered k — ST[A, B] and a UCV[A, B]. Sufficient 
conditions are derived for ie (z), TP pf and the integral operator Gg” a to belong to k-uniformly 


Janowski starlike and k-Janowski convex functions. Finally, for some values of the parameters A 
and B special cases are discussed. 
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